In the present article, we implement the improved F-expansion method combined with Riccati equation to attain traveling wave solutions to nonlinear evolution equations (NLEEs) via the Magneto-electro-elastic circular rod equation and the Zakharov-Kuznetsov-Benjamin-Bona-Mahony equation. We establish three classes of explicit solutions-hyperbolic, trigonometric and rational solutions containing several free parameters. For particular values of the parameters, solitary wave solutions are emanated from the traveling wave solutions. It turns out that, the method is straightforward, concise and it can be applied to many other NLEEs in mathematical physics and engineering.
PUBLIC INTEREST STATEMENT
As we know, nonlinear evolution equations (NLEEs) are largely used to designate complex phenomena in numerous fields of science, such as plasma physics, solid state physical and optical fibers, chemical kinematics, chemical physics, and geochemistry. So it is important to develop various methods for solving different NLEEs. In this present article, we use the improved F-expansion method combined with Riccati equation for seeking abundant exact traveling wave solutions to the Magneto-electro-elastic (MEE) circular rod equation and the Zakharov-Kuznetsov-BenjaminBona-Mahony (ZKBBM) equation. The current method is effective, simple, and suitable that can be extended to solve the system of NLEEs arising in mathematical physics and Engineering fields. The obtained exact solutions might play a crucial role to expose the inner composition of the physical phenomena.
Introduction
Nowadays in the field of nonlinear science, the study of the traveling wave solutions of NLEEs plays a significant role in several features of mathematical and physical phenomena. Nonlinear wave phenomena appears in various scientific and engineering fields such as optical fibers, biology, solid state physics, chemical kinematics, meteorology, chemical physics, and geochemistry. Nonlinear wave phenomena of dispersion, dissipation, diffusion, feedback and convection are very noteworthy in nonlinear wave equations. The search to exact traveling wave solutions of NLEEs has been one of the most attractive and dynamic area of research to the mathematics, mathematical physicists, and engineers. With the improvement of symbolic computation software like Maple and Mathematica, many powerful and effective methods to find analytical and numerical solutions of nonlinear equations still have drawn a lot of attention by diverse group of investigators.
The exact solutions of NLEEs support us by providing information about the structure of intricate physical phenomena. Therefore, investigation of exact traveling wave solutions to NLEEs turns into an important task in the study of nonlinear physical phenomena. It is notable to observe that there is no unique method to solve all kind of NLEEs. There are lots of nonlinear evolution equations that are investigated by using different mathematical methods. For these physical problems, soliton solutions, compacton, cnoidal waves, singular solitons, and the other solutions have been found. These types of solutions appear in various applications of applied science and engineering. In order to find the exact solutions, especially the traveling wave solutions of the NLEEs, various powerful methods are reported in the literature, such as, the Hirota's bilinear method (Ashorman, 2014) , the truncated Painleve expansion method (Yin-Long, Yin-Ping, & Zhi-Bin, 2010) , the Exp-function method (Akbar & Ali, 2011; Zhang, 2008a Zhang, , 2008b , the tanh-function method (Abdou, 2007; Zayed, Zedan, & Gepreel, 2004; Zhang & Xia, 2008) , the Weierstrass elliptic function method (Chen & Yan, 2006) , the Jacobi elliptic function expansion method (Chen & Wang, 2005; Wazwaz, 2008; Yusufoglu & Bekir, 2008) , the modified simple equation method (Jawad, Petkovic, & Biswas, 2010; Khan & Akbar, 2013a , 2014 , the (G′/G)-expansion method (Guo & Zhou, 2010; Islam, Khan, & Akbar, 2015; Kim & Sakthivel, 2012; Wang, Li, & Zhang, 2008; Zayed & Gepreel, 2009) , the exp (Φ(ξ))-expansion method (Khan & Akbar, 2013b) , the improved F-expansion method (Islam, Khan, Akbar, & Mastroberardino, 2014; Zgang, Wang, Wang, & Fang, 2006) , the modified method of simplest equation (Vitanov & Dimitrova, 2014) , the F-expansion method (Zhao, 2013) , and the generalized Kudryashov method (Islam, Khan, & Akbar, 2015a , 2015b .
The objective of this article is to look for new study concerning to the improved F-expansion method combined with Riccati equation to scrutinize exact traveling wave solutions to the MEE circular rod equation and the ZKBBM equation to establish the efficiency and advantages of the method. The MEE circular rod equation is a nonlinear traveling wave equation with dispersion caused by the transverse Poisson's effect. The ZKBBM equation was studied as an improvement of the KdV equation for modeling long surface gravity waves of small amplitude propagating uni-directionally in (1+1)-dimensions. The solutions of this equation are stable and unique. The exact solutions play a fundamental role to expose the inner composition of the physical phenomena.
The rest of the article is arranged as follows: in the Section 2, the improved F-expansion method is sketched. In Section 3, we apply this method to extract new exact solutions via the MEE circular rod equation and the ZKBBM equation. Advantages of the method are discussed in Section 4. In Section 5, the explanation and graphical representations of certain attained solutions are provided. Finally, in the Section 6, conclusions of this study are given.
Delineation of the improved F-expansion method
In this section, we describe the fundamental steps of the improved F-expansion method to obtain the exact solutions of NLEEs. At the outset, we consider the celebrated Riccati equation of the form:
where the prime stands for derivative with respect to η.
We now present three cases of the general solutions of the Riccati Equation (2.1) (Cruz, Schuch, Castanos, & Rosas-Ortiz, 2015) .
Case-I:
When r < 0, the general solutions are Case-II: When r > 0, the general solutions are Case-III: When r = 0, the general solution is
We consider a general NLEE in two independent variables, say x and t, where u = u(x, t) is an unknown function to be determined, Φ is a polynomial of u(x, t) and its partial derivatives wherein the highest order partial derivatives and the nonlinear terms are involved and the subscripts indicate the partial derivatives. The key steps of the method are as follows:
Step-1: We now introduce the traveling wave variable, where ω is the speed of traveling wave and the wave variable (2.3) transforms Equation (2.2) into the following ordinary differential equation (ODE): where Θ is a polynomial of u and its derivatives and the superscripts stipulate the ordinary derivatives with respect to η.
Step-2: In many instances, Equation (2.4) can be integrated term by term one or more times, yielding constants of integration, which can be set equal to zero for straightforwardness.
Step-3: We assume that the traveling wave solution of Equation (2.4) can be expressed by a polynomial in F( ) as follows:
where F = F( ) satisfies the Riccati Equation (2.1), wherein either α N or β N may be zero, but both of them could not be zero at the same time. i (i = 0, 1, 2, ⋯ , N) and i (i = 0, 1, 2, ⋯ , N), ω and μ are arbitrary constants to be determined later.
Step-4: The positive integer N can be determined by using the homogeneous balance between the highest order derivatives and the nonlinear terms appearing in (2.4). If the degree of u(η) is D [u(η) ] = N, then the degree of the other expressions can be computed as follows:
Applications
In this section, we make use of the improved F-expansion method to obtain some new and more general exact traveling wave solutions of the MEE circular rod equation and the ZKBBM equation.
Magneto-electro-elastic (MEE) circular rod equation
Let us consider the Magneto-electro-elastic (MEE) circular rod equation (Xue & Pan, 2013) in the form where c 0 is the linear longitudinal wave velocity for a MEE circular rod equation and N is the dispersion parameter, both depend on the material properties as well as the geometry of the rod. Equation (3.1.1) is a nonlinear traveling wave equation with dispersion caused by the transverse Poisson's effect. We consider the traveling wave transformation equation which reduces Equation (3.1.1) into the following ODE: Equation (3.1.3) is integrable. Integrating Equation (3.1.3) twice with respect to η, and setting the constants of integration to zero, we obtain
Balancing the highest order nonlinear term u 2 and the derivative term u ″ , Equation (3.1.4) yields N = 2.
Hence, for N = 2, solution Equation (2.5) reduces to where 0 , 1 , 2 , 1 and β 2 are arbitrary constant to be determined later. Now substituting (3.1.5) into (3.1.4), we obtain a polynomial in F( ). Equating the coefficient of same power F( ), we acquire a system of twelve algebraic equations. Solving this system of equations for 0 , 1 , 2 , 1 , 2 and ω, we obtain the following values:
The above sets of values of 0 , 1 , 2 , 1 , 2 and ω provides the subsequent abundant exact traveling wave solutions:
Case-I: When r < 0, we get the following hyperbolic function solutions.
, 2 = − Set-03:
. Set-04:
Family-01: Family-03: 
Case-II:
When r > 0, we get the following trigonometric solutions:
(3.1.12)
Family-04:
(3.1.14)
Family-05: u 9 ( ) = − 12Nr Family-07: Family-08: 
Remark All of these solutions have been verified with Maple software by substituting them into the original equations and found accurate.
The Zakharov-Kuznetsov-Benjamin-Bona-Mahony (ZKBBM) equation
In this subdivision, we construct the exact solutions of the ZKBBM equation by using the proposed method. This equation was studied as an improvement of the KdV equation for modeling long surface gravity waves of small amplitude propagating uni-directionally in (1+1)-dimensions. The solutions of this equation are stable and unique. This contrasts with the KdV equation, which is unstable in its high wave number components. We consider the ZKBBM equation (Akbar, Ali, & Zayed, 2012) in the form where a and b are positive constants. We substitute the traveling wave transformation = r(x − t), u(x, t) = u ( ), into (3.2.1) and obtain the ODE:
Integrating (3.2.2) with respect to η once and setting the constant of integration to zero, we obtain
Balancing the highest order derivative u ″ and nonlinear term of the highest order u 2 from (3.2.3), yields N = 2. Therefore, Equation (2.5) reduces to where 0 , 1 , 2 , 1 and β 2 are arbitrary constant to be determined. Now substituting (3.2.5) into (3.2.4), we obtain a polynomial in F( ). Equating the coefficient of same power F( ), we get a system of 12 algebraic equations. Solving this system of equations for 0 , 1 , 2 , 1 , 2 and ω, we obtain the following values:
Set-01: , 1 = 0, 2 = 0.
Set-02:
Set-03:
, 2 = − t .
Set-04:
Family-02:
Family-03:
2.11)
Remark All of solutions have been verified with Maple Software by putting them into the original equations and found correct.
Advantages of the method
In the case, when the coefficients of the governing equations are function of several parameters, in numerical method, for each combination of parameters a new algorithm is required. But, the analytic exact solutions might interpret the effect of parameters in a compact way rather than graphs and tables. The principal advantage of the improved F-expansion method is that it provides abundant exact solutions including some novel solutions with additional parameters in a simple and straight way. The exact solutions have its great importance to know entirely the effect of the parameters in any circumstances. The close-form solution helps to understand the mechanism and physical effects through the model problem. It is also useful to validate the numerical method and help them in the stability analysis.
Explanation and graphical representations of the obtained solutions
In this section, we will discuss the physical interpretation of the solutions of the MEE circular rod equations and ZKBBM equation.
Explanation of the obtained solutions

The Magneto-electro-elastic (MEE) circular rod equation
We have found in total sixteen exact traveling wave solutions of the MEE circular rod equation in terms of some unknown parameters. If we put particular values of the unknown parameters in each of the traveling wave solutions then solitary waves are originated. Solution (3.1.6) and (3.1.8) represent the well-known bell shape soliton. Solitons are certain types of solitary waves. The soliton solution is spatially localized solution and hence u( ), u � ( ), u �� ( ) → 0 as → ∞. Solution (3.1.7) and (3.1.9) represent the singular soliton solution. Singular solitons are another kind of solitary waves that appear with a singularity, usually infinite discontinuity. Singular solitons can be associated to solitary waves when the center position of the solitary wave is imaginary. Therefore, it is pertinent to address the issue of singular solitons. This solution has spike and therefore it can probably provide an explanation to the formation of Rogue waves (Akbar & Ali, 2016) . Solutions (3.1.10)-(3.1.13) correspond to generalized solitary waves. Solutions (3.1.14)-(3.1.17) all are singular periodic solutions, while solutions (3.1.18)-(3.1.21) represent generalized singular periodic solutions. Periodic traveling waves take part in a vital role in many cases, such as impulsive systems, self-reinforcing systems, and reaction-diffusion-advection systems. Mathematical modeling of lots of complicated physical incidents, videlicet, physics, mathematical physics, chemistry, biology, and many more occurrences are similar to periodic traveling wave solutions. From the generalized solution different types of special solutions can be extracted by the choice of the values of the parameters.
We have depicted only a few figures of the solitary wave solutions of the MEE circular rod equation by setting specific values of the unknown parameters in order to concise the article.
Zakharov-Kuznetsov-Benjamin-Bona-Mahony (ZKBBM) equation
In the case of ZKBBM equation, 16 conformable solutions in terms of some tangible parameters have been extracted. Solutions (3.2.5) and (3.2.7) represent the anti-bell shape soliton and the solutions (3.2.6) and (3. 
Graphical representation of some obtained solutions
Graphical representation is an effective tool for communication and it exemplifies evidently the solutions of the problems. The graphical illustrations of the solutions are depicted in the Figures 1-2 
Conclusions
In this article, the improved F-expansion method combined with Riccati equation has been applied successfully to establish abundant exact traveling wave solutions to the MEE circular rod equation and the ZKBBM equation. The attained traveling wave solutions are expressed as the combination of hyperbolic, trigonometric, and rational functions. The obtained solutions are effective, useful, and practically well-suited. These solutions might be significant to illustrate some physical phenomena. The calculation procedure of this method is easy, straightforward, user friendly, and by computer algebra the method can be suitably conducted. Thus, the improved F-expansion method combined with Riccati equation can be further used to solve many other nonlinear evolution equations which often arise in various scientific real time application arenas. 
